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ABSTRACT

An approach for optimal design of composite streeguaiming minimum weight subject to
allowable reliability level under dynamic loadingoralitions is proposed. The failure
probability is obtained using a procedure basedewel 2 reliability analyses adapted for
dynamic response. Material properties of the péya@msidered normal random variables. The
optimization process is based on co-evolutionaryneédie Algorithm where a master
population evolves together with a net of slave-gapulations. Shredding Genetic Algorithm
is used at slave populations aiming to obtain tmgiterm survival probability of composite
structures. The master population evolves searchegninimum weight of structures.

Keywords: dynamic, composites, reliability, optimizationhgéic algorithm, co-evolution.

INTRODUCTION

The need to incorporating uncertainties in engingedesign has been recognized in previous
research (Chiachio et al. 2011). Furthermore, #ialbility based optimal design under
dynamic response is an emerging research areadbe difficulties associated with coupling
optimization and reliability analysis in long-tesuarvival. In the present work it is intended to
develop a new model of optimization based on agdsdistic analysis of composite structures
under dynamic loading conditions.

The reliability based optimal design under dynamgponse is an emerging research area due
to the difficulties associated with coupling optaaiion and reliability analysis (Conceicao
Anténio, 2000; Kvedaras et al., 2009). In the pnéseork it is intended to develop a simple
model of optimization based on probabilistic analyd composite structures under dynamic
loading conditions.

PROBABILISTIC DYNAMIC RESPONSE

Let us considerrr=(/q,75,...,7,) as the non-correlated basic random variables wedto
the structural problem for the reliability analyss$ composite structures under dynamic
response. The random variables are related witrertainties in the material properties
including random laminate fibre orientation, modulof elasticity, Poisson's ratio and
thickness. Mean values and variances charactémestatistical nature of these variables.

Following a discretized form of the probabilistignrdamic equilibrium equation based on the
finite element formulation of an isoparametric degated shell element, the displacements,

velocities and accelerations,, d and d respectively, can be defined in terms of nodal
variables as

IRF'2013 1



4™ International Conference on Integrity, Reliabilapnd Failure

8d(m)T [M (x) d(x) +C(m) d(m) +p(d(m),7) | = 8d(m)Ts (1)

where the mass matriM, the damping matrixC, the internal forcep(d) and the external
applied load vectorf have the following element contributions

Me(n)=j oNTN dv

Ve(n)

_ T
ce(n)_jve(n) cN'N dv

pe(m=[,, B o(x) dV

Ve(“)
fo = ‘[Se NTt dS + IVe NTb dv )

being Sg andV, the surface and the volume of the element undesideration,p and c

are the mass density and the damping parametezatesgy, B is the standard strain matrix,
N is the matrix of shape functions aral is the vector of stresses referred to the local
coordinates. In Equation (2),is the vector of surface tractions applied on bloendary
surfaceS,. Since the virtual displacemeddl may be arbitrary, Equation (2) is written as

M (19 d(m) + C(m) d(m) +p(d(m),T) = f (3)
For linear elastic problems, the stresses areeklatthe strains as follows
a(n) = D(n) &(n) = D(n) B(m) d(m) (4)
and the internal forces can be written as
p(d(m),n) = K(m) d(m) (5)

where the structural stiffness matkk results from the contribution of the stiffnesstbé
elemente,

K o(T) = jve(n) B(m)' D(m) B(T) dV (6)

In the present work a consistent mass matrix isidened and Newmark's algorithm together
with the predictor-corrector scheme (Hughes and 19¥8) is adopted to solve the Equation

3).

RELIABILITY OF COMPOSITES UNDER DYNAMIC LOADING
Limit state functions

The vectors of random displacements and randomsssiseobtained in the previous section
can be incorporated into the first order reliapiihethod (FORM) to derive the safety index
and then the probability of structural failure.ths work, reliability is the probability of the
structures not failing within a specified time intal. Thus it is necessary to define failure
criteria. It will be assumed that the structurdsfai the maximum displacement, strain or
stress exceeds some specified values. The masattimit state function of displacement is

related to the nodal displacemenlit at the most critical point exceeding an allowadé&ie
d,, within a specified time interve[D, tm] (Melchers, 1999):
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a(n,tm)=MAX[‘di(n,t]—)‘ o i=1,..Ng , j=1,...ty (7)

1T ) = dg — (T ty) (8)

being Ny the number of prescribed nodal displacements. dttive strategy is based on the

assumption that the displacement field of the sételictures can be represented by the most
critical value of the structure.

The second limit state function is established ws1g the stresses at the ply level. The
failure criterion employed for anisotropic matesigd a generalised form of the Huber-Mises
law (Conceic¢édo Antonio, 2001) and can be written as

fi(o,t;
1_M:
Y

whereY is the maximum allowable level stredd is the number of points where the stress
vector is calculated andi (g, t) is a failure function evaluated at tkeh point and at time

0; k=1,..,Ng 9)

tj. This failure function is defined in terms of thgesses referred to the material axes 1,2,3
as

ka(G,tj )= 8y 01° + 28, 01 g + 8y 05° +ag [15° +ay T1g” +as [53°

=JIZ,3AUJ,2,3 (20)

being A the matrix of the anisotropic strength paramettstermined by six independent
failure tests. If the material axes 1,2 are rotdtg@ given anglé relatively to the reference
axes x,y, then the transformation of both streaselsmatrixA to the global axes is necessary.
So, the obtained yield criterion can be rewritten a

fk’(0,tj)=c' T'ATo=0' Ao (11)

whereT is the strain transformation matrix which relaties material system (1,2,3) with the
global systemx, y, 2). Thefirst ply failureat timet; occurs for

fi(a,t;)
hFPF(tj)=MIN 1—T , k=1,..,Ng|=0 (12)

and the second limit state function can be wrigten
$2(mtn) = MIN(hepe(tj ) 1 =1 ... ) (13)

Reliability analysis
Since the boundary of the safety region, calledt lstate surface, is given by

z=¢p(ry, 7, .t tm) =0 (14)
the values ofn belonging to the failure region will satisfy th@ldbwing inequality:
2= ¢ (T, ty) <0 (15)
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The probability of failure is defined as
pf:PvaLmQ<d:ijﬁtmﬁdn (16)

where f(n) is the joint probability density function ok, © is the failure region, and
¢p(m is the so-called limit state function which sepesathe design space into failure

(#p(m) <0) and safe ¢, (m) >0) regions.

The distribution of the considered basic variabtgsand the considered limit state surface
¢p(m are known and the probability of failure can bediss a measure of reliability.

However, equation (16) cannot be evaluated anallidor realistic structures because the
calculation of the integral is difficult. To avoithis feature the moment reliability theory
namely the so-called Hasofer-Lind reliability ind@ielchers, 1999) is used in this work. The
advantage of this method is its invariance withpees to different failure surface

formulations for spaces having the same dimension.

The Hasofer-Lind method performs in two steps:fifs¢ one consists of projecting the failure
surface of equation (14) into the space of stanseddvariables:

T - M
u = el AL (17)
Ir

where 77; and Oy are, respectively, the mean values and the stdmt#aiations of the basic

variables, and the second step measures, in thisespghe minimum distancg of the
transformed surface

Pp(U,Up,....Un, ty) =0 (18)

to the origin of the axes. A design is considereliable at 5, level prescribed by an
appropriated provision code, 8= ;. The geometric interpretation of this feature t&n
presented in the following manner: the hyperspimengng radiusf,, with its centre at the
origin of the axesy; (corresponding to the mean values of the varialjgsis required to lie

entirely in the transformed safety domain. On ttteephand, considering that in the standard
normal space the probability density decays expialgnwith distance to the origin then the
point with maximum probability of failure on therlit-state surface is the point of minimum
distance to the origin. From the operational pahtiew the search for this point can be
formulated as a constrained optimisation problem

= mi T, n1/2
o= BT

A={ul gputm) =0}

whereu is the vector of the standardised variables ddfiné€equation (17) and the respective

(19)

solution u” is referred in the technical literature as theigtegoint or even as the Most
Probable failure Point (MPP).
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The assumption of the minimum distanBeobtained from the solution of Equation (19) as a

measure of reliability is equivalent to considerihg discretization at one point only of the
safety domain boundary, expressed in the spacehef standardised variables. This
corresponds to the substitution of the hypersurtagdghe hyperplane passing through the

point defined byu* . Introducing formally a normal probability distaton function @, the
first-order approximation oP¢ , can be written as

Pt p =@(-Lp) (20)

where B, is known as the safety index, i.e. the minimuntatise from the origin to the
limit-state surfacep, (u, ty,) .

Finally, the reliability of the structural systemder dynamic load conditions is established as
Bs = MIN (Bep , Byisp) (21)

being Byisp the reliability index associated with the criticdlsplacement limit state

established in Equation (8) anBrpe is the reliability index associated with the firsly
failure limit state function defined in Equation3j1 both of them defined for a specified time
interval t,,,.

GLOBAL MOST PROBABLE POINT SEARCH

A very important problem in structural reliabilignalysis of composites is the existence of
multiple most probable failure points (MPPs) orldee points of the limit state functions
when the optimization problem formulated in Equatid9) is solved. Multiple MPPs are
similar to the local minima in structural optimiiat.

Many problems in structural optimization are stappeace a local minimum is reached. This
IS an unacceptable procedure in reliability analgsnce the local MPP may not represent the
worst failure and the actual failure may occur letbe predicted level. Only the global MPP
represents the actual structural reliability. Inmgooptimisation algorithms the problem of
multiple local minima is addressed by checkingllifsalutions starting from different initial
points converge to the same optimum. This methodery costly from the computational
point of view and no additional information is doiiethe problem has or does not have
multiples MPPs (Wang and Grandhi, 1995). In thiskva methodology based on genetic
search aiming the identification of the global MEFPbnceicdo Antdnio, 2000) is proposed.
The adopted evolutionary strategy is elitist siaceore of genetic material of individuals
(solutions) with best fitness is considered while tliversity of the rest of the population is
guaranteed. This aspect is important for globaltrposbable point search.

An important aspect of the evolutionary searchhes definition of the fitness of individuals,

which is related with the objective function an@ ttonstraints of the problem. The original
minimisation problem is transformed. The genetgoathms will seek to increase the fitness
as it operates and so the constrained minimizgtroblem formulated in Equation (19) is

transformed as

Maximize F, = E—,Bp(u, tm)

. (22)
subjectto ¢p(u,ty) =0
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where C is a constant large enough to avoid negative dgn®esigns with good fitness and
satisfying the constraint have priority in the sélen process. Solutions of the problem that
violate the constraint are penalized at a gradegtedeof severity according the difference
between the actual and the allowable values o€dimstraint. Then the fitness function for the
optimization problem in Equation (22) is written as

Fit p=C = Bp(U, tm) =K [ #p(u tm)| " (23)

being the constant§ and K evaluated considering two constraint violation reeg. A
negligible penaltyp, is applied to the constraint violatiaghp, that can be tolerated. Very

high values¢,, of constraint violation are strongly penalized twd penalty p;. Using

penalties the constamqsandR are obtained in the following manner:

q
¢L’0 —Po (24)
¢p,1 P1
(#po)"

The magnitude of the penalties is related to thgnitade of B, rather than to the constant

C, a value that is to some extent arbitrary.

RELIABILITY BASED DESIGN OPTIMIZATION

An optimization process based on exploitation ofsanopy of composite materials is
proposed aiming the best performance of structbeddaviour and minimum weight. The
optimization problem is formulated as

Minimize W(x) , subject tofs(X,ty,) 2 Ba

With Bs(X,tm) = MIN| Bepe (%,tm), Baispotm)] (26)

wherex denotes the design variables of the laminated ositgp materials of the structure,
being B, the allowable reliability index for structural $§m, Bgisp the reliability index

associated with the critical displacement limitetunction andSgpg is the reliability index
associated with the first ply failure limit statenttion, both of them defined for a specified
time intervalt,,, of dynamic loading conditions. In order to obtafructural system reliability

index it is necessary to implement the global MRBreh. In the proposed approach this
search represents the inner optimization problemgusie random variables considered in

uncertainty propagation analysis. The optimal designing the imposed structural reliability
level together the weight minimization is defined the external problem. This last

optimization problem is performed using the designablesx based on mean values of
the random variables.

The optimization problem formulated in equation )(2@&n be solved considering the ply
anglesg and ply thicknesse of shell laminates. In order to improve the e#fiy of the
search a decomposition of the original optimizatmoblem in (26) is implemented in the
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proposed approach. The decomposition is basedarewvels: in the first one the ply angg
are the design variables considering the objedtvenmprove the performance of structural

behaviour, in the second level the weight is migiedi based on ply thickness. Then the
optimisation problem is

First level
Maximise B5(0) = MIN | Bepr (0), Baisp(®)]  over® 27)

where 0 denotes the vector of the ply angles of the lateir@mposite materials of the
structure.

Second level
Minimize W(E,E) , Subject to/}’S(f, tm) 2 L4 overt (28)

beingf denotes the vector of the ply thicknesses ofdh@rate composite materials.

In order to obtain every reliability index it isecessary to implement the global MPP search at
each optimization level solving the problem forntethin Equation (22). In the proposed
approach this represents the inner optimisatiorblpm. The optimal design aiming the
weight minimization is defined as the external peo

Thus a co-evolutionary Genetic Algorithm (Conceig@otonio, 2001, 2006) is proposed

where two kinds of populations are identified: asteapopulation denoted lj?/[ and a net of
n small size sub-populations denoted ‘bgp as shown in Figure 1. The master population

performs the evolutionary process associated wheh éxternal optimization problem of
minimum weight while the sub-populations evolvekéd to MPP search inner problems. A
Shredding Genetic Algorithm (Conceigcdo Anténio, 20Deng et al., 2005) is used to solve
these inner problems. In the proposed approachutii®rm design method is used to
approximate the sampling space aiming to accel¢nat®PP search.

Each chromosome has two segments activated innafiee way when the evolutionary
process passes from the master population to dve sUb-popuIationS/Sp . In both cases a

binary code format is used to manipulate the exgbalata.

The Shredding Genetic Algorithm and the Geneticofithm applied to the master population
are based on four principal operators: selectiomgsover, implicit mutation and replacement
of similar individuals. These operators are sumabrby an elitist strategy that always
preserves a core of best individuals of the pomrathat is transferred into the next
generations. In the crossover process, the twoenitgs are selected randomly: one belongs
to the population group with best fitness (elite)d ahe second one is selected from the
remaining group with lower fitness. Then the stuwetl stochastic exchange data based on a
multi-point combination technique calleBarametrized Uniform Crossove{Spears and
DeJong 1991) is applied to the binary string of sleéected chromosomes. This crossover
performs with a probability of choice for genesnfreghe chromosome with best fitness. The
offspring group will take part of the populatioriarthe next generation that will be formed by
the crossover operator.
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Fig.1 Morphology and linkage of the populations ¢orevolutionary Genetic Algorithm

To avoid the rising of local minima a chromosomeveleich genes are generated randomly is
introduced into the population. This operation alexd mutation and is quite different from

classic techniques where a reduced number of gsnebanged. The mutation operator
guarantees the diversity of the population in egeheration (Conceicdo Antonio, 2001,

2006).

To control the genetic diversity, a scheme thakdst individuals belonging to the same
neighbourhood has been implemented. The analysisade from the genetic point of view.

The best individual is kept in the population artieos generated randomly replace the
similar ones.

The co-evolutionary Genetic Algorithm performs akdws:
1. For t=0, random generation of the initial master pagah = considering the mean
valuesT of the random variables;
2. For slave sub-populations,
Dop=1 to n,
2.1 Random generation of the initial sub-populatiéxfgp with small size and
considering thextp values of the design variables;
2.2 Evolution of theVSID sub-population ovemt ¢ using the Shredding Genetic

Algorithm = MPP search for each limit state function;
2.3 Definition of the structural reliability index fahe design solutiorxtp.

end do
3. Check the convergence criterion on the evolutiomaogess of the master population.
If the evolutionary process converges stop, otheswbntinue;

4. Evolution of the master populatiolf’?t over the design vectoxtp using the mean
valuesTi of the random variables. The evolutionary procesmsed on:
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Selection using an elitist strategy;

Crossover based on tRarametrized Uniform Crossover
Implicit Mutation for diversity increasing;

Replacement of individuals: to control genetic doity.

5. Dot > t+1,

Transfer the elite group oP!, the offspring and the mutation group into the tnex

generation= creation of the master populaticﬁﬁﬂ;
6. Go to Step 2.

In the proposed approach sampling space reductioance techniques together with weak
convergence conditions are used to accelerate B 8éarch.

NUMERICAL RESULTS

A deep thin spherical shell is adopted as an exanfgl reliability based design under
dynamic response. The cap with a central angl&26f, radius of0.508 m and thickness of

7.6x1073m is clamped on its boundary.
FI
Fig. 2 Shallow spherical shell subjected to a sntjdapplied uniform pressure

The shell is made of a symmetric laminate with ¥eta having the same thickness. The

random variablesz considered in the numerical example are the lad@al modulusEL of
the ply material. The three random variables atecoaelated and have normal distribution
functions. The mean values arg = E, = 2069 GPa, i = 12,3 and the standard deviations

are o = Q0677 , i=1,2,3. The mass density of the cap E26x103kg m~ and the
composite material has the following properties:
Ey =2069GPa v =03 , Gyy =Gy, =Gy, =1062 GPa
Op = Ogx = 0gy = Opys5 = 6897MPa (29)
To12 =Tp13 = T2z =397.9MPa
A suddenly applied pressure load 4138 MPa is applied on the shell. The imposed service
condition is based on the absolute value of theimam allowable vertical displacement

dy = 8.9x10™1 mm within a specified time intervél,, = 6.0x10™%s. A binary code format

with five digits is used for the chromosome codifion of each random and design variable.
The master population has twelve individuals areldlave sub-populations evolve with ten
individuals. The elite, offspring and mutation gosuof all populations have equal sizes.
Figure 3 shows the evolution history of the MPPrdeaassociated with the best-fitted
individual for two generations of the reliabilityaximisation problem. The efficiency and the
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robustness of the MPP search are evident in batlscadn particular the absolute value of the
displacement limit state (I.s.) function is closezero at MPP.

—e— reliability index —e— reliability index
—o— displ. I. s. function —o—displ. I. s. function
7,0 1,4E-03 7,0 1,4E-03
6,51 o 6,5+
L T 1,2E03 — 3 T 1,2E-03 =
s0f | s 60 | 5
551 | 11,0803 € 55 | 11,0503 £
5 col \ ] . 5ol «
2 %07 1 8,0E-04 @ 2 50719 1 80E04
2 457 1 = 24514 =
= L 1 [ = L [
8 401 T 6.0804 £ S 40l 1 60504 E
B i ] S 2 Eo 3
3571 1 40804 & 351 | 1 40804 &
3,0 + ] = 30 % =
r + 2,0E-04 r + 2,0E-04
257 ] 25 8
2,0 ——————+ 0,0E+00 2,0 S SN 0,0E+00
0 2 4 6 8 10 12 0 2 4 6 8 10 12
generation generation
a) b)

Fig. 3 Inner reliability index calculation for theest solution at:
a) I generation and b) fyeneration of the reliability maximisation scheme

For the final solution of the structural reliabjlimaximisation the transient response of the
structure is shown in Fig. 4. This final optimaluon corresponds to the best one at' 19
generation which MPP search is presented in Fi). $he dynamic behaviour corresponding
to the mean values is compared with the structesponse for the MPP. The final solution

has a maximum absolute displacement close,te 89x10°  mm as expected.

— mean values —o— MPP

3,00E-01
2,00E-01 +

-1,00E-01 A
-2,00E-01
-3,00E8-01
-4,00E-01 |
-5,00E-01 |
-6,00E-01 |
-7,00E-01 |
-8,00E-01 |
-9,00E-01 |
-1,00E+00 1

T,00E-O5F
2,10E-04

5,10E-04

displacement [mm]

time [s]

Fig. 4 Central deflection time history for the meaues of random variables and the MPP valuethfobest
solution of the reliability maximisation problem

Using the proposed numerical model formulated imdign (22) the structural reliability is
maximised. The optimal results for the ply angled ¢he corresponding MPP are presented
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in Table 1. The algorithm is checked considerinixad number of generations (k=12)
without mean fitness evolution for the elite group.

Table 1 Optimal values and associated most probfaiblee point (MPP)

Design Variables 6 =-29° 6, = 668° 63 =26]1°
MPP Values [GPa] 77 =1836 m, =2301 M3 =1820

7,0
r - - -¢ - - .the best of elite
—o—the worst of elite

65 1

6,0
55 1

50

Reliability index

45 4

4,0 {

35+

3,0 7““?““?““?““?““?““?““?““?““?““?““?““?““
0O 5 10 15 20 25 30 35 40 45 50 55 60 65

generation

Fig. 5 Evolutionary history of reliability index rriamisation

The genetic search history for the solution ofdpémisation problem given in Equation (27)
is shown in Fig. 5. The solution is matured aftérdenerations what can be considered a
good trial considering the number of design andloam variables intervening in the global
search. It can be observed that the worst fittelividual of the elite group continues to be
improved and at the end of the optimisation procedsiclose to the best one.

Genetic search works with a population of solutionstead of classical gradient based
methods where only one solution is considered fpardicular iteration. This way the fitness
of the individuals of a population always improveBhe efficiency of the presented
evolutionary process is measured by the succesfandividuals coming from crossover or
mutation, actually enter the elite group and thestvimdividuals of this group are eliminated.

CONCLUSIONS

A new methodology aiming the structural reliabilityaximisation and weight minimization
of laminated composite structures under dynamidita@p was presented. Reliability in
dynamic response is defined as the probabilityhefdtructure does not fail within a specified
time interval. To define the failure criteria and the associatedit|state functions it is
assumed that the structure fails if the maximunpldsement, maximum strain or maximum
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stress exceeds some specified values. A versiotheofHasofer-Lind method adapted for
dynamic response and a Shredding Genetic Algoritiene developed and applied with
success. The optimisation process is based onexalationary Genetic Algorithm where a
master population evolves together with a net @ivesl sub-populations. The proposed
topology aims to link the Most Probable failure mosearch with the maximisation of
structural reliability and weight minimization. particular, an example using a displacement
limit state function was presented and the restdtsthe reliability analysis show the
robustness of the proposed approach.
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